The paper will proceed as follows. In §11 elementary but essential properties of simple graphs are given (e.g., simple regular graphs determined). Simple trees are listed in §111. The latter results are then used in §IV to find all simple graphs which are not separable.
Before proceeding it is worth noting that Hakimi in [3] and Senior in [6] have given a relatively complete treatment of simple multi-graphs and simple psuedo-graphs. By the term 'graph' we have denoted, and shall continue to do so, the 'ordinary' graph of [1] -indeed all the terminology of this paper is that of [1] . Since any graph may be considered to be multi-graph or a psuedo-graph but not conversely it should not came as a surprise that a simple graph may not be a simple multi-graph or a simple psuedo-graph. That the class of simple graphs is far more rich and complex than either of the latter is seen by comparing the results obtained below with those found in either [3] or [6] .
The basic concept used to carry out the above project is the concept of 'transfer' or 'degree preserving' transformation. DEFINITION . Let G be a graph and x, y, w, v be four distinct points of VG (the vertex set of G) such that xy, uv G EG (the edge set of G) but xu, yv£ EG. A transfer t of G is the replacement of the edges xy and uv by xu and yv. The graph so obtained is denoted by tG.
It is immediate that G and tG have the same degree sequence. But the converse is also true. We quote the following result of [2] .
2. The results of this section are essential but easy. For the sake of completeness all proofs are given -at the risk of being wearisome. PROPOSITION 
A graph G is simple if and only if for each transfer t of G we have G = tG.
Proof This follows directly from 1.1. PROPOSITION Proof. The proof is by induction on p. Since the trivial graph is simple, the result is true for p = 1. Assume the proposition is true for p ^k, and let q be an integer such that
A graph G is simple if and only if
If q ^ k(k -l)/2 then the result follows from the induction hypothesis since there is a simple (/c, q) graph from which a simple (k + 1, q) graph is obtained by adding a point of degree zero (Corollary 2.5).
On the other hand if q satisfies
where O^/Slt. To get the desired simple graph we adjoin a new point to any / points of K k . The graph so obtained is simple because its complement is the union of K uk . t and trivial graphs.
The next result goes in the opposite direction. PROPOSITION 2.7 . Let p* q be positive integers such that p^5 and 4^q ^=p(p -l)/2-4. There is a (p,q) graph which is not simple.
Proof. For p = 5 the possible values for q are four, five and six. Each pair of nonisomorphic graphs given below realizes the given sequence.
(a) (2, 2, 2, 1, 1) (3, 3, 2, 2, 2) The next sequence of Lemmas leads to a theorem giving necessary and sufficient conditions for a regular graph to be simple. 
This result was proven by Erdos and Gallai and can be found in Harary •( [4, p. 59-62] ).
LEMMA 2.10. For p,m, positive integers, O^m ^p -1 the sequence S =(m, -,m) of length p is graphical provided m is even when p is odd. At least one realization of S is connected when m g 2.
Proof. If r is less than m then (*) above becomes, for S,
If r is greater than or equal to m then it can be verified that (*) becomes
Hence, in either case (*) is satisfied so that S must be graphical. Finally, if m g 2, it follows immediately from Proposition 1.6 of [5] that S has at least one connected realization. PROPOSITION 2.11 . Let p, r be positive integers such that p ^ 6 and
Then the sequence S = (r, , r) of length p has both a connected and disconnected realization, provided m is even when p is odd.
Proof. It suffices to exhibit the disconnected realization. If p = 6 the only permissible value for r is 2 and K 3 U K 3 is the required graph. Now assume p ^ 7. There are two cases, (a) p = 2m.
m -2 we have two sub-cases. If m is even, the union of two regular graphs of degree r will do. If m is odd, then the union of two regular graphs of degree r on m + 1 and m -1 points will do.
(
Since p is odd r can only assume even values and thus regardless of the parity of m one can construct the desired graph by taking the union of regular graphs of degree r on m + 1 and m points. THEOREM 
If G is a regular graph of degree ronp points, then G is simple if and only if r
Proof. Since G is simple if and only if G c is the result follows from 2.8, 2.9, 2.10 and 2.11.
Simple trees.
In this section the simple graphs which are trees are characterized. To this end we define the 'Giap' graphs. Proof. Let p be a positive integer, p ^ 2 and let S = (m, n, 1, , 1), p = m + n. One realization G of S can be defined as follows. Let V(G) = {x u ,x p }, where degx, = m, degx 2 = Π,JCIJC 2 E E(G),x } is adjacent to m-l points of degree one and x 2 is adjacent to n -1 points of degree one. G can be constructed by connecting a Ki, m _i with a Xj, n -i by an edge at their points of maximal degree. The only transfer that is defined on G is of the following type. Let y u y 2 £V(G), yi^x 2 , yi^X\ with y,x,GEG, y 2 x 2 € EG. Then the transfer t oiy x x x and y 2 x 2 for y 2 *i and y λ x 2 yields a graph isomorphic to G, and is the only possible kind of transfer since x x x 2 E:EG. (Note: The transfer t amounts to interchanging points of degree one adjacent to JC, and x 2 .) THEOREM 
A tree is simple if and only if it is a Giap graph.
Proof. Since Lemma 3.1 says Giap graphs are simple and the proof of 3.1 shows that Giap graphs are trees, sufficiency is clear. Now let T be a simple tree. We first show that T has no path of length four and hence has no path of length greater than three. Suppose the contrary i.e., there exist y θ9 y u --,y 4 GVT for which y o > ; iy2> 7 3) ; 4 is a path in T. Since T is a tree neither y 0 y4 nor yiy 3 are in ET so that the transfer t of y o yi and y 3 y 4 for y 0 y4 and y,y 3 is defined and ί7V T since tT has a triangle. Hence, T simple implies that <iΓ^3, i.e., the diameter of T is less than or equal to 3.
Now let x E VT with deg JC > 1. If each point of N x has degree one, then T is a star graph, i.e., [p, 1]-Giap graph. If N x has two points JC',JC" of degree greater than one, then these exist a\a" E VT with fl'jc', a"x"E: ET, a f 7^ x, a"^ x. Since Γ has no cycles a'^ a" and thus fl'x'jαr'V is a path of length four, contradicting the above. Hence, N x has at most one point, say JC', of degree greater than one. Reasoning as above it follows that N x > has only one point of degree greater than one which must be JC. Since T is connected, VT consists of JC, x' and points of degree one adjacent to either x of x'. Hence, T is a Giap graph.
Observe that the above argument also shows that if T is a tree with dT ^ 3, then T is a Giap graph. That is, the simplicity of T was used to derive dT g 3 and then from the latter the structure of T was derived. This yields the following corollary. Proof. It is easy to verify that a graph of the form (*) is simple. Conversely assume that G is simple and disconnected. First it is shown that no component of G (of which there are at least two) contains a cycle. Let C be a component and suppose to the contrary that C contains a cycle and x,yG VC with xy on the cycle. Let JC\y'EiVC, where C is another component of G, with x'y'E.
EC
The transfer t of xy and x'y r for xx' and yy' is defined and GT^ tG since tG has one fewer component than G. This latter contradicts the fact that G is simple. It now follows that G is a forest, and since each component of G must be simple, the component of G must be Giap graphs or trivial graphs. Now suppose that [n,m]G and [k,l] G are components of G. We show this is impossible unless at least three of the four numbers n, m, /c, /, are one. If n ^ 2, k ^ 2 and m = I = 1, then a transfer can be yielding a K,, π and K Um . If n ^ 2, A: ^ 2, then a transfer exists which creates an additional K 2 . Hence in either case a transfer exists which creates different components so that the graph cannot be simple. This gives the result.
REMARK. Since G is simple if and only if G c is simple, 4.1 yields at once a criterion for a simple graph to have a disconnected complement.
The above characterizes disconnected simple graphs. We now turn to connected simple graphs with cut points, or separable simple graphs. For the present we consider graphs without vertices of degree one (without pendant vertices). Proof. By Lemma 1.9 of [5] we conclude that such a graph G belongs to a sequence S which contains another graph with at most one cut point. Thus G cannot be simple.
The above proposition shows that to characterize connected simple graphs which are not blocks we need consider only those connected graphs with one cut point. DEFINITION . Let T be a tree on p points. A l-cone of T is a graph obtained from T by adding a point to T which is adjacent to at least the points of degree one of T, and perhaps other points of T. LEMMA 
Let T be a tree on two or more points. If G is a 1 -cone of T, then G is a block.
Proof. Let x,yG VT. It is clear that x and y belong to a path in T where end points are points of degree one. In G these latter points are adjacent to the same point and hence x and y lie on a cycle. If z E VG -VT, then one can show in a similar fashion that for any x E VT, z and x lie on a cycle also, yielding the result. LEMMA 
Let T be a tree which is not simple. Then any \-cone of T is not simple.
Proof. If T is not simple, it follows by Corollary 3.3 that there is a path P of length greater than or equal to four. As above one may assume that the end points JC, y have degree one. If the path is xz x z r y, then the transfer t of JCZ, and z r y for z x z r and xy is definedsince z x ^ z r and z x z x £ ET. Hence tT has a component K 2 . If G is any !-cone of T, the same transfer t is defined on G and G^ tG since tG has a K 3 as a block and by Lemma 4.3, G is itself a block. LEMMA 
Let Tbea Giap graph with 7Y P h i = 1,2,3. Then a 1 -cone GofT is simple if and only if the point of VG -VT is adjacent to each point of VT. (Note that P n denotes a path of length n.)
Proof. Let T be a Giap graph and z E VG -VT where G is a 1-cone of T. If z adjacent to every point of VT, it follows from Proposition 2.4 that G is simple. Now suppose G is simple. If T = K 2 = P 2 , then G = K 3 and z is adjacent to each point of K 2 . Thus assume T is an [n,m]G different from P 2 ,P 3 ,P 4 . Then at least one of n and ra, say n is greater than two. The new point z has degree greater than or equal to max {n, m }.
Let n = max{n, m} and suppose z is not adjacent to either JC, or Proof. The proof follows from looking at possible cases.
DEFINITION. Let G l9 G 2 be graphs. Let VG λ Π VG 2 = φ and x ί9 y, be points of maximal degree of VG U VG 2 respectively. By G, * G 2 we mean the graph obtained by identifying JC, and y, assuming that the construction is independent of the points of maximal degree chosen. Otherwise, G, * G 2 is not defined. Proof. If G, is not simple, then neither is G, * G 2 . Hence, assume Gi is simple.
Here one block of G x * G 2 is a triangle and T, is, by assumption and Lemma 4.4, an [n, ra]G with n ^ 2, m ^ 2. Let jcy be the edge of [n, m ]G with deg x = n, deg y = m and let x ι y ί be the edge of K 2 . Then the transfer of xy and jc,y, for xx λ yields a graph without a triangle as a block.
Case 2. T 2 ^ K 2 . Again by assumption T, cannot be a K 2 so that G *G 2 does not have a triangular block. Let y, E VTΊ, z, E VT 2 with deg y, = degz, = 1 and let y E VT U z E VT 2 such that yy, E EΓ,, zz, E £T 2 . Then the transfer of y,y and zz λ for yz and y λ z λ creates a block which is a triangle. Hence in either case G λ * G 2 is not simple.
It is easy to verify that G x * G 2 is defined whenever G x and G 2 are 1-cones. Proof. By Lemma 1.10 of [5] there is a transfer of G which reduces the number of blocks of G so that G cannot be simple. THEOREM 
Let G be a graph without pendant vertices and having a single cut point. Then G is simple if and only if G has one of the two following forms.
(a) C4*Ci* *C, (b) 0 r *C 3 * *C 3 .
Proof. To see that the graphs in (b) are simple it suffices to note that removing a point of degree | VG \ -1 in (b) results in a graph of the form K Um U mK 2 which by Proposition 3.3 is simple, and so the original graphs, by Corollary 2.5, are simple. Also it is easy to verify that C 4 *C 3 is simple and so the graphs in (a) are simple.
For the converse note that by Lemma 4.10 the single cut point x lies on each cycle of G so that G -x is a forest. Since there are no pendant vertices in G, the point x must be adjacent to each point of degree one of G -x. This means that G has to be of the form of the graph of Lemma 4.9 a 'product' of 1-cones and hence the result is true. Proof. This result follows from Theorem 4.11.
Notice now that all simple graphs which are not blocks and which do not have pendant vertices have been characterized. We now turn our attention to the case when G has pendant vertices. We need the following definition.
DEFINITION. Let G be a graph with x,yE VG and e = xy G EG. Then the subdivision of G at e, S e (G), is the graph obtained by adding a new point z to VG and taking ({xz, yz}U EG) -{xy} as the edge set.
REMARK. If a graph G has a point of degree two that does not lie on a triangle, then it is clear that G = S e (H) for some H. It is also evident that if e ί9 e 2 GΞEG 9 then S eι (G) and S e2 (B) belong to the same degree sequence. This means that in order to show S e (G) is not simple we need only find some e'EEG such that S e {G)^S e {G). We now proceed to characterize all graphs G for which S e (G) is simple. Proof. If r = 1, the result is clear, for then the graph has the form nK 2 U K l2 . Case 1. Suppose r is such that 2grg[p/2]-l. By Proposition 2.11 there are disconnected and connected graphs which are regular of degree r and subdividing an edge in each of these graphs gives the result.
Case 2. Suppose r is such that, [p/2]^rgp-3. Since p -1 S r ^ 2, it follows that (r, , r) has two realizations G { and G 2 so that Gί is a block and G 2 is disconnected. Further, G 2 has at least one component which is not complete since if each component of G 2 is complete it would follow that G 2 is a complete k -partite graph contradicting the fact that G 2 is regular of degree r > [p /2] . From this it follows that there are JC, y E VG such that JC, and y belong to a component of G c 2 but xy£ EG C 2 , and xy E EG 2 . But now the complement of S xy (G 2 ) has a cut point. Since the complement of G λ is a block so is the complement of S e (G^) where e is any edge of G. Because S xy (G 2 ) and S e (G x ) belong to the same degree sequence, the result follows.
In this case [S e (G) ] c = C 5 *K 3 * * K 3 belongs to the same sequence as C 4 * C 4 * K 3 * * K 3 .
Case 4. r = [p/2]. If p = 2r, note that Lemma 2.9 gives two realizations of (r, ,r), one with no triangles and one with a triangle. Now subdivide each one and in the latter choose an edge not on the triangle to subdivide. Hence the resulting subdivision graphs maintain the difference in the number of triangles. If p = 2r + 1, then as in Lemma 2.8 we construct a graph G as follows: Let VG = (*" ,x Γ } U {y,, , y r } U {z}, Eg = {*#, | iV j, 1 ^ ί, / ^ r} U {X 2/ _,JC 2I 11 = l,. ., r/2} U {y f z | i E {1, , r}}. Then the graphs S Xiy2 (G) and S Xiy £G) have different numbers of triangles. Note that we can, as we have, assume r even since p is odd. Proof For p ^6 the corollary follows by Lemma 4.13 and for p ^5 the corollary follows by checking the six possibile cases. THEOREM 
Let G be a connected graph, e E EG. S e (G) is simple if and only if G is of one of the following forms:
Proof. Let e,e'EE(G), JC, y,x', y'E VG with e = xy, e f = x'y'.
We consider the two sets of numbers S e ={degx, degy}, S e = {deg JC', deg y'}. Now if the latter two sets are distinct and at most two of the numbers degjc, degy, degjc, degjc' are equal to two then S e (G)τ^S e {G) since they have different adjacency relations. There remain two cases. In case (ii) we have a bipartite graph. If degy = 1,G is a star Graph and S e (G) is simple since it is a Giap graph. Now assume degy =^2; G is not regular implies deg JC 3^ degy, say, degjc > degy. Notice that G is bipartite and thus has no triangles. But because degx >degy^2 we can always make a transfer, t, to get a triangle and if e 0 is on an edge not on the triangle, then S eo (tG) has a triangle, but S e (G) has no triangles.
Case 2. S e^ S e > and degx' = degy f = degy = 2 and degJC = k > 2. If there is another point z of deg k it cannot be adjacent to x since then we be in the Case 1. Now z and JC must have points of degree two separating them, so let P be a path from z to JC. Note there is an edge e Q GEG not on P. Remove the points of degree two from P (by "unsubdividing") and put them on e 0 (by repeated subdivision). This process yields a graph H belonging to the same degree sequence but with points of degree k adjacent. If e λ is an edge incident with two points of degree k and if e 2 is an edge incident with two points of degree two then S e] H^ S e2 H. Thus we may assume that x is the only point of degree k so that it must be a cut-point of G and is also the only cut point of S e (G). Hence, S e (G) is either C 4 *C 3 * *C 3 or 0 Γ * C 3 * * C 3 . But the latter cannot be a subdivision graph since all points of degree two lie on a triangle. Thus S e (G) = C 4 * C 3 * * C 3 so that G = C 3 * -* C 3 . This gives the theorem. COROLLARY 
Let G be a graph with a point of degree two that does not lie on a triangle with nontrivial components. G is simple if and only if G is
Proof. The proof follows immediately from Theorem 4.15 and Proposition 4.1.
We now apply the latter results to characterize simple graphs with cut points and pendant vertices. PROPOSITION 4.17 . // G is a simple graph and x a pendant vertex at G, then G -x is also simple.
Proof. Let JC E G, degjc = 1. Let S' be the degree sequence of G -x and suppose that H x and H 2 belong to S". We can assume that VG -{JC} = VΉ, = VΉ 2 , and that H, = tH 2 so that the degree of any 156 R. H. JOHNSON point in VG -{JC} is the same in iΐ, as in H 2 . Let x 1 E υ G be the point to which x is adjacent in G, let G,, G 2 be the graphs obtained from H u H 2 , respectively, by attaching x to x'. Then G simple implies G λ = G 2 . Hence, let F : VG, -> VG 2 be the isomorphism. If f(x') = JC ', then /(JC) is x or some other point of degree one adjacent to JC\ If /(JC) = JC, then /|VH, is an isomorphism of ff, onto H 2 . Let N*. Π Si denote the set of points of degree one adjacent to JC'. Then / permutes the points of this set. So let /*:VG-*VG be such that f(y) = y for y GVG-iN .nSi) and on N x ,nS u f* is the inverse of /. Then / * / : VG -> VG is an isomorphism of G such that (/ * /)(JC) = JC, SO that f*f\vH is an isomorphism. Thus, if /(JC') = JC\ we are done. So suppose y',z' such that f{y') = JC', /(JC') = Z'. Since / is an isomorphism, each of x\y' and z' are adjacent to the same number of pendant vertices. Now if t E VG -S, is adjacent to any of JC', y', z' it must be to all. To see this latter suppose the contrary, that wx'EEG, wy'^EG and y" a point of degree one adjacent to /, Then the transfer t of wx' and y'y" for wy f and x'y" is defined and G^tG since ίG has fewer vertices adjacent to.| N X ' Π Sj | points of degree one then G does, contradicting the simplicity of G. Because of this latter property, the function /' defined by: Proof. To obtain the corollary, apply the previous proposition repeatedly \S\ times. PROPOSITION 4.19 . Let Gbe a simple graph with nontriυial components and let S, ^ VG be the set of pendant vertices of G then < VG -Si > is either a block, a K 2 , or is a graph of the form
